IEEE TRANSACTIONS ON COMMUNICATIONS, VOL. 43, NO. 2/3 /4, FEBRUARY /MARCH /APRIL 1995

1179
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Abstract— In this paper we investigate the tracking
performance of two maximum-likelihood (ML)-oriented
nondecision-aided (NDA) symbol synchronization algo-
rithms, operating on a noisy M-PSK signal (M > 2) trans-
mitted over a time-varying nonselective Rician fading chan-
nel. The first algorithm is nonchannel-aided (NCA): timing
is acquired independently of the channel gain estimation.
The second algorithm is channel-aided (CA): it makes use
of (an estimate of) the instantaneous channel gain. As the
channel gain estimator requires timing information, use of
the CA algorithm implies that the timing and the channel
gain must be acquired jointly. Both algorithms are suitable
for fully digital implementation, and have a similar complex-
ity. For E,/Ny values of practical interest, we show that the
NCA algorithm is to be preferred over the CA algorithm.

I. INTRODUCTION

HIS paper deals with the symbol synchronization of

an M-PSK signal (M > 2), transmitted over a slowly
time-varying nonselective fading channel [1]. The fading
channel is characterized by a sequence of complex-valued
correlated random variables, with the m** variable denot-
ing the channel gain experienced by the m!* transmitted
pulse. Such a channel description is appropriate for several
mobile communication systems [2]-[6]. Mainly for simplify-
ing the numerical computations, we have assumed that the
magnitude of the channel gain has a Rician distribution;
this includes the Rayleigh distribution as a special case.

Starting from the likelihood function, we derive two
nondata-aided (NDA) symbol synchronization algorithms;
NDA algorithms have the advantage over data-aided (DA)
algorithms that no preamble is needed to acquire tim-
ing. The first algorithm is nonchannel-aided (NCA): timing
is acquired independently of the channel gain estimation.
The second algorithm is channel-aided (CA): timing and
channel gain estimation have to be performed jointly. A
few implementation issues of these algorithms are briefly
discussed.

For both algorithms we analytically determine the track-
ing performance in terms of the signal-to-noise ratio, the
carrier-to-multipath ratio and the fading bandwidth. For
most cases of practical interest, we find that the NCA al-
gorithm is to be preferred over the CA algorithm.
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II. SYsTEM DESCRIPTION

The complex envelope r(t) of the received signal can be
represented as

r(t) = Zamdmh(t —mT — 7) + n(t) (1)

where {a,} = a is a sequence of independent equiprob-
able M-PSK symbols with M > 2; h(t) is a unit-energy
square-root cosine rolloff pulse with rolloff factor a; n(t) is
white Gaussian noise with independent real and imaginary
parts, each having a power spectral density of No/(2E,).
The complex-valued channel gains {d,,} = d are corre-
lated Gaussian random variables with independent identi-
cally distributed real and imaginary parts, and with mean
s = E[dn] and autocovariance R(k) = E[d},dm+x] — |8%|;
the channel gains are normalized such that E[|dZ|] = 1.
Hence, the magnitude |d,,| has a Rician distribution with
a carrier-to-multipath ratio (C/M) equal to |s%|/R(0). The
case of Rayleigh fading corresponds to C/M = 0 (or
— oo dB), whereas C/M = + oo dB characterizes the addi-
tive white Gaussian noise (AWGN) channel.
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Fig. 1. Receiver structure

A conceptual receiver structure is shown in Fig. 1. The
received complex envelope 7(t) is applied to a matched fil-
ter with impulse response h(—t). The matched filter output
signal is sampled at the estimated decision instants kT + 7,
where 7 is an estimate of the unknown time delay 7. The
resulting matched filter output sample 2z;(#) is multiplied
with the complex conjugate d} of the (estimate of) the
channel gain, and the result is fed to the decision device.
In a fully digital implementation, the analog matched filter
and sampler from Fig. 1 are replaced by a digital interpo-
lating matched filter [7].

We consider the following two ML-oriented algorithms
for estimating the unknown time delay 7. Their derivation
is based upon the likelihood function L(a,d, 7) of the re-
ceived signal r(t) in terms of the channel symbols g, the
channel gains d and the unknown time delay 7; this likeli-
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hood function is given by

L(a,d,7) =
exp (—%Z (lons|? - 2Re[a;dzzb(rn)) @

where K is the number of data symbols within the obser-
vation window, and 7 is assumed to be essentially constant
over the observation interval KT.

The two considered algorithms are the following :

o Nonchannel-aided (NCA) algorithm:

The truly ML NCA algorithm maximizes E, 4[L(g, d, T')]
over all trial values 7/ in the interval (—T/2, T/2). As
the statistical expectation of the likelihood function over g
and d is hard to evaluate, and would yield an algorithm re-
quiring knowledge about the operating E,/Ny, we replace
Eg 4[L(a,d,7')] by its limit for E,/No approaching zero.
This limit can be obtained using the method outlined in [8],
which involves a term by term averaging of the Taylor se-
ries expansion of the likelihood function about E, /Ny = 0.
Denoting the timing estimate by #, this approach yields
the following ML-oriented NCA algorithm:

t=arg {mfx (Lm(T')) }

(3)
with

K-1
Lnea(T') = Z ’zk("")|2 (4)

k=0
Note that application of the resulting algorithm requires
no knowledge about C/M, nor about the fading autoco-
variance function R(k). This algorithm is the same as the
(low E,/No limit of the) NDA maximum-likelihood (ML)
algor’ hm for an additive white Gaussian noise (AWGN)
channel [9].

o Channel-aided (CA) algorithm:

The truly ML CA algorithm makes use of an estimate d
of the channel gains, and maximizes E,[L(g, d, ')] over all
trial values 7/ in the interval (—7'/2, T/2). In order to avoid
an algorithm that requires knowledge about the operating
E,/No, we again use the same method from [8] to obtain
the low E, /N limit of the function to be maximized. This
yields the following ML-oriented CA algorithm:

7 =arg {mf;x (Lca('rl;é)) } (5)

with
K-1

La(rid) = 3 ldufPlan(r)? (6)
k=0

The interpretation of this CA algorithm is that the more
noisy samples z;(7'), corresponding to small instantaneous
channel gains |dg|, are taken less into account. To ana-
lyze this algorithm, we assume that perfect channel gain
estimates are available. Application of this algorithm does
not explicitly require knowledge about the fading statistics

(C/M, R(k)).
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III. IMPLEMENTATION OF THE ALGORITHMS

Let us denote by L(7’) the function to be maximized,
i.e. L(1') = Lnca(7") for the NCA algorithm and L(7’) =
Leo(7';d) for the CA algorithm.

The maximization of L(7') can be accomplished by
means of a search. This involves evaluating the function
L(7') for a sufficient number (say N) of trial values 7/ in the
interval (—T'/2, T'/2), and selecting the trial value yielding
the largest L(7'). This can be achieved straightforwardly
by means of a digital matched filter which produces sam-
ples at a rate N/T; for each of the N “sampling phases”
at the matched filter output, the corresponding L(7’) is
computed. The drawback of this approach is the small
computational efficiency, especially for large N, because of
the large number of operations required in the matched fil-
ter. The computational efficiency of the search method can
be improved by reducing the rate at which the matched fil-
ter produces samples, and interpolating between available
matched filter output samples to obtain N samples per
symbol; as sufficiently accurate interpolators exist which
have far fewer taps than the matched filter [10], compu-
tational efficiency is increased as compared to the previ-
ous solution. In order to avoid aliasing, the matched filter
should produce samples at a rate of at least {1 + a)/T.

As the considered algorithms are quadratic in the
matched filter output samples and the one-sided signal
bandwidth does not exceed 1/T, the timing estimate 7
can also be obtained by direct computation. This in-
volves the digital filter and square synchronizer, introduced
in [11]. The performance of the search method and the di-
rect method are essentially the same [12], but the direct
method requires much less computation.

The search method and the direct method are implemen-
tations of a feedforward symbol synchronization algorithm.
In a feedback algorithm, the timing estimate #(k + 1) for
the k+ 1*» symbol is obtained by adding to #(k) a fraction
of the derivative with respect to 7/, of the k** term in the
sum (4) or (6).

IV. TRACKING PERFORMANCE EVALUATION

For both algorithms we theoretically evaluate the lin-
earized variance of the timing error normalized to the sym-
bol duration T, by using the method outlined in [13]. This
involves the approximations

R L ()

) 70
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In (7), L(.) is the function to be maximized by the timing
estimate, and ’ and ” denote first and second derivative, re-
spectively. The first approximation in (7) is a linearization
illustrated in Fig. 2. The second approximation involves
replacing L"(7) by its statistical expectation E[L"(7)] over
noise, data symbols and channel gains and is equivalent
with substituting a time average by a statistical average.
This second approximation is valid when K is large and
the correlation time of the channel gains is much smaller
than the observation interval KT, in which case the vari-
ance of L"(7) is much smaller than the squared expected
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L'(t) + (T-%) L'()
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Fig. 2. Linearization of L'(7') around

value (E[Z”(7)])®. Under these conditions, the linearized
variance becomes

el (F=7\?] o El@ ()
V‘"“E[( T )}~E’[L”(T)]T’

(8)

From (8), the following result is obtained for large K (see

Appendix):
-2 s -1
varvox - L (£)7, Sigh ()
K No K Ny
9
CS)(S ( )
+ ZNCA
K?
NxN -2 s -1
Va"'CA = %_ Ei -+ CCEN F_'.
K No K No (10)
10
5x5,1 5x5,2
4 |CGea , Ceu
K? K

In the above, the subscripts NCA and CA denote the
type of synchronization algorithm, while the superscripts
NxN, SxN and SxS refer to the noise x noise, signal x noise
and signal x signal contributions to the timing error vari-
ance. For both synchronizers, the NxN and SxN contribu-
tions are inversely proportional with the number of sym-
bols K in the observation interval. For the NCA synchro-
nizer, the SxS contribution is inversely proportional to X 2
whereas for the CA synchronizer the SxS contribution con-
sists of two terms that are inversely proportional to K? and
K, respectively. Both algorithms become equivalent when
C/M — + oo dB, i.e. for the AWGN channel.

Assuming that the channel gain has an autocovariance
function given by R(m) = R(0) exp(—27%(B;T)*m?), we
have investigated how the various contributions in (9)
and (10) depend on the rolloff factor a, the normalized
fading bandwidth B;T and the C/M ratio; a few cases are
shown in Figs. 3-5. We have verified that the results de-
pend very little on the specific shape of the channel gain
autocovariance function. The timing error variance is fur-
thermore independent of M, the number of modulation
levels of the M-PSK signal, with M > 2.

For the NCA symbol synchronizer, the following obser-
vations can be made.

1181

SxN
Cnca
NxN

. ONCA ...
CSxN

R ]2 SO ———— i NxN . e o J T it
cecm—~-oas T
Mo 02 03 04 05 06 07 0809 1.0
rolloff a

Fig. 3. NxN and SxN contributions
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- The NxN and SxN contributions are independent of the
fading characteristics, and are inversely proportional to a;
these contributions are the same as for the AWGN channel.

- The SxS contribution depends only weakly on the fad-
ing characteristics; it increases with decreasing C/M or
decreasing ByT. Except for o close to 1, the SxS contri-
bution is essentially inversely proportional with a2.

For the CA symbol synchronizer, the following depen-
dence is observed.

- The NxN contribution is smaller than for the NCA algo-
rithm, and increases with increasing C/M, decreasing B; T
or decreasing a. The dependence on the fading bandwidth
becomes less with increasing C/M or increasing a.

- Except for small o and large BT, the SxN contribution
is larger than for the NCA algorithm, and increases with
decreasing C/M, decreasing B;T or decreasing a. The
SxN contribution becomes less dependent on the fading
bandwidth with increasing C/M or increasing .

- The SxS contribution contains two terms that are in-
versely proportional to K2 and K, respectively. The first
term increases with decreasing B;T'; for small (large) B; T,
it increases with decreasing (increasing) C/M. The sec-
ond term depends strongly on the fading characteristics; it
decreases with increasing C/M, and becomes vanishingly
small when C/M — + 00 dB or B;T — 0.

- When B;T — 0, all contributions exhibit the same
dependence on « as for the AWGN channel.
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V. EXAMPLES

In this section we consider two specific fading statistics,
i.e. Rician fading with C/M = 10 dB (which is typical
for mobile satellite communications) and Rayleigh fading
(C/M = — oo dB). For both cases, the rolloff is taken to
be 50%, and K = 100. The resulting timing error variances
for B;T equal to 0.1 and 0.01 are shown in Figs. 6 and 7 as
a function of E,/No. For the considered range of E, /No,
the following observations are made. The timing error vari-
ance of the NCA algorithm increases with decreasing fading
bandwidth, whereas the CA algorithm exhibits the oppo-
site behavior. The dependence on the fading bandwidth is
much stronger for the CA algorithm than for the NCA al-
gorithm; for both algorithms, this dependence becomes less
pronounced for increasing C/M. The CA algorithm per-
forms worse than the NCA algorithm, especially for large
values of B;T and small values of C/M.
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0 5 10 15 20 25 30

Eg/ No[dB]

Fig. 6. Timing error variances for C/M = 10 dB; K = 100

For C/M = 10 dB, which is typical for mobile satellite
communications, we have investigated the effect of varying
the window length from K = 100 to X = 200. The rolloff
factor o was again assumed to be 50%. The resulting tim-
ing error variances as a function of E, /Ng are shown in
Fig. 8 for B;T equal to 0.1 and 0.01. The timing error
variance of the NCA synchronizer is nearly independent
of B;T. The timing error variance of the CA synchro-

Fig. 7. Timing error variances for C/M = — oo dB; K = 100

nizer depends more strongly on B;T, and increases with
increasing B;T. The SxS contribution is approximately
proportional to 1/K? for small B;T, and to 1/K for large
BfT. For small and moderate E,/No, the NCA and CA
algorithm yield approximately the same tracking error vari-
ance, but for large E, /Ny the CA algorithm is worse than
the NCA algorithm, especially for large B;T.
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Fig. 8. Timing error variances for C/M = 10 dB;
K =100 and K = 200

VI. CONCLUSIONS AND REMARKS

We have analyzed the tracking performance of both the
NCA and CA ML-oriented NDA symbol synchronizers for
time-varying nonselective fading channels.

For mobile satellite communications, C/M is sufficiently
large to operate the link at E,/Np ratios at which the SxS
contribution to the timing error variance is small with re-
spect to the sum of the NxN and SxN contributions. In
this region of E, /Ny, both the NCA and CA synchronizer
yield a similar value of the timing error variance, which
depends only weakly on the fading bandwidth.

In the case of Rayleigh fading, the communication link is
operated at large values of E,/Ng, so that the SxS contribu-
tion dominates. In this case, the NCA algorithm performs
better than the CA algorithm.

We have found that the CA algorithm (6) outperforms
the NCA algorithm (4) only for values of E, /Ny well be-
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low 0 dB, whereas for moderate and large E, /No the NCA
algorithm (4) performs better than the CA algorithm (6).
This result seems counter-intuitive because the CA algo-
rithm has perfect knowledge about the channel gains. How-
ever, the algorithms (4) and (6) are the low E, /N, approz-
imations of the true ML algorithms; therefore, for mod-
erate and large E,/No, the tracking performance of the
algorithms (4) and (6) is degraded as compared to their
corresponding true ML algorithms. While the true ML
NDA CA algorithm with correct channel gain information
must outperform the true ML NDA NCA algorithm for all
E,/No, this might no longer be the case for the approx-
imate ML algorithms (4) and (6). Our finding that for
moderate and large E,/Ny the algorithm (4) outperforms
the algorithm (6) indicates that the performance degrada-
tion, resulting from using (4) and (6) instead of the true
ML algorithms, is larger for the CA algorithm than for
the NCA algorithm. This means that the NDA CA algo-
rithm (6) does not use the channel gains in an efficient way
for moderate and large E,/N,. For large E, /Ny, the true
ML NDA CA algorithm converges to the ML decision-aided
CA algorithm (this fact is well known in the case of the
AWGN channel [14]) which we have analyzed in [15], and
which we have found to outperform both the algorithms (4)
and (6) at moderate and large E,/N,. For Rayleigh fad-
ing with uncorrelated channel gains it can be verified that
the true ML NDA NCA algorithm coincides with (4) irre-
spective of E,/No, in which case the performance of (4) is
not degraded as compared to the corresponding true ML
algorithm.

The NCA algorithm can acquire timing independently of
the channel gain estimation and is also suited for noncoher-
ent detection, so that the NCA algorithm is to be preferred
over the CA algorithm.

As the fading statistics enter the tracking performance
only through moments of |dy| (see Appendix), the tracking
performance is not affected by a small (residual) carrier fre-
quency offset F, which can be incorporated by substituting
di exp(j2rk FT) for dy.

The statistics of the independent zero-mean data sym-
bols enter the tracking error variance expression only
through the moments E[|a;|?] and E[a?]. As E[jas|?] = 1
and E[a}] = 0 for M-PSK with M > 2, the tracking per-
formance does not depend on the constellation size M for
M > 2.

Finally, it should be noted that the expressions for the
NxN, SxN and SxS contributions to the tracking error vari-
ance, given in the appendix, are valid for any channel gain
distribution. The assumption of Rician fading has been
adopted mainly for simplifying the evaluation of the higher-
order moments (17), which otherwise would be quite diffi-
cult.

APPENDIX

For both algorithms, L(r) is quadratic in the matched
filter output samples z;(7), which have a signal and a noise
term. The first derivative L'(7) therefore contains a SxS
term, a NxN term and a SxN term, which are uncorre-
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lated. After squaring and averaging, each of these NxN ,
SxN and SxS terms contributes separately to the numer-
ator E[L'*(7)] of (8). The analytic expressions for the
coefficients of the timing error variance in (9) and (10) are
given below.

o For the NCA algorithm:

1
Cnoa = Cno = = (11)
2 (—ggT2 _ Eg?Tz)
- 00
+ oo
> _lkIDp g1
SxS -
CNea = = T D) (12)
2 (—ggT’ - 29£2T2>
~ oo
o For the CA algorithm:
1
Cea = = (13)
2 (-D3'°g{)’T3 - ZD:»’ggw)
~ 00
+ oo
_DgnoggTZ - ZD:yzg;e?T?
C3XN = ;°° 3 (14)
oo
2 (—Dg’og{,’T’ - ED:"ng?)
— oo
= 4,4
Z'HDk' g;csz
Cgis'l = == 2 (15)
4+ oo
2 (—Dz"’gs’T’ - ZDZ"g;’T’)
+ oo
> (08" - p) gpr2
G —E— . (9
2 (—Dg"’gg:r? - ZD,f”ng?)
- 00
with

DY* = Elldm|?|dm?] (17)

d?g
& =220 (18)
r %
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