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Minimum Mean-Squared Error Echo Cancellation
and Equalization for Digital Subscriber Line
Transmission: Part I—Theory
and Computation
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Abstract— An integral part of ISDN (integrated services digital net-
work) is the provision of full-duplex digital transmission capability over
voice-grade metallic subscriber lines with all the associated disturbances
from echo, intersymbol interference, and crosstalk, among other things.
We here present a theory for analyzing the optimal performance, in
MMSE (minimum mean-squared error) sense, of full-duplex transceiver
structures incorporating echo cancellers and decision-feedback equaliz-
ers. This theory augments previously published resuits by allowing a
colored input signal and a fractionally spaced multitap MMSE forward
filter in the decision-feedback equalizer. Comp | considerations
of the theoretical results are also addressed, where we investigate the
properties of and efficient ways of calculating the MMSE solutions
for various types of line codes, including the precoded partial-response
codes and the block codes. We also discuss on how the MMSE is related
to the ubiquitous SNR (signal-to-noise ratio) measure and the concerns
associated with using it to gauge the transmission performance.

I. INTRODUCTION

N INTEGRAL part of ISDN (integrated services digital network)

is the provision of full-duplex digital transmission capability over
the pair of metal wires that connects a subscriber to a telephone com-
pany’s terminal equipment where these metallic subscriber lines were
originally designed for voice communications. Subscriber lines with
digital transmission capability have been termed “digital subscriber
lines,” or DSL in short. Full-duplex DSL transceivers have to deal
with echo, intersymbol interference (ISI), and crosstalk from nearby
transmission paths, among other things. Fig. 1 shows a skeleton
DSL transceiver structure along with the environment it operates in.
Several key components in the transceiver are the line coder, the
echo canceler, and the equalizer. In our study, we assume that the
scrambler generates an i.i.d. (independent and identically distributed)
binary sequence. We are interested in analyzing the optimal perfor-
mance, in the MMSE (minimum mean-squared error) sense, of such
a transceiver. The MMSE criterion has been widely used in practice
because of its simplicity and the existence of simple adaptive filter-
ing algorithms which converge to the MMSE solution. Further, the
MMSE is often related to the ubiquitous SNR (signal-to-noise ratio)
performance measure in a very simple way.

Despite the amount of literature on echo cancellation and equaliza-
tion [1], [2], we found that the existing theory needed a fair amount
of augmentation in two aspects to study the problem at hand. First,
the existing theory largely handles i.i.d. signals only, while there has
been a long standing interest in modulation and line coding schemes
which yield non-i.i.d. and even correlated symbol sequences. A most
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recent example of such interest is seen in the standardization effort
toward a DSL transmission scheme for ISDN Basic Access in the
United States—there a number of line codes which generate non-
i.i.d. symbol sequences were proposed. Secondly, for the equalizer
alone, a much-studied structure is the decision-feedback with a mul-
titap forward filter. Nevertheless, previous results on combined echo
cancelation and equalization, represented by those of Mueller [3] and
Falconer [4], only considered single-tap forward filters. However,
Mueller [3] and Falconer [4] also investigated the convergence be-
haviors of the jointly adaptive echo canceller and equalizer; while we
shall only be concerned with the optimal performance in the MMSE
sense.

Fig. 2 shows the internals of the (decision-feedback) equalizer and
its relative position with the echo canceller. Jointly, the EC (echo can-
celler) and the DFE (decision-feedback equalizer) seek to minimize
E{e*}. A different arrangement, alluded to in [5] as a possibility, is
shown in Fig. 3. Here the EC and the DFE are independently adapted
to minimize £{6?} and E{e?}, respectively. The problem with this
latter arrangement is that, for a given EC length, the optimal EC (in
the sense of minimizing E{5?}) need not be one which minimizes
E{e?}. As a result, lengthening the MMSE EC (which reduces the
minimum mean-squared ) does not necessarily reduce the minimum
mean-squared decision-point error e. In some cases, the contrary is
true. This undesirable phenomenon has been observed in our sim-
ulation study. We will give a pedagogical example to illustrate the
point,

Note that the above does mot establish any superiority of the
jointly adapted structure in terms of yielding a lower minimum mean-
squared e. Whether this will be the case depends on channel and echo
path characteristics. The above only points out a potential unhappy
surprise that may lie in the way of the separately adapted structure.
More will be said about this when we come to the pedagogical ex-
ample.

This problem, of course, does not exist if the echo is fully can-
celled.

In Section II, we derive general equations to calculate the MMSE
results for both the structures of Figs. 2 and 3. We also assume
that the only significant sources of noise are echo, ISI, and near-end
crosstalk (NEXT) from identical DSL transmission systems (self-
NEXT, in short). In principle, it is easy to consider other noise
sources as well. But they are assumed negligible for this study.

For some line codes, a direct application of the MMSE equations
derived in Section II can be computationally very intensive. We thus
devote a major part of Section III to address this issue. Several means
of speeding up the computation in various cases are outlined, as they
are not completely obvious. Some results are interesting by them-
selves, apart from contributing to computational saving. In Section
IV, we discuss on how the MMSE is related to the SNR measure and
the concerns associated with using it to gauge the DSL performance.

A companion paper [22] reports and discusses some simulation
results. Space constraint prevents us from considering here the im-
portant limiting case of an infinitely long DFE, which poses interest-
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Fig. 2. Jointly adapted echo canceller and decision-feedback equalizer.
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Fig. 3. Separately adapted echo canceller and decision-feedback equalizer.

ing theoretical and computational problems and warrants a separate
treatise [23].

. MMSE EcHo CANCELLATION AND EQUALIZATION
A. The Jointly Adapted Structure

Fig: 4 shows a conceptualized DSL transmission path for the
environment of Fig. 1 and the transceiver structure of Fig. 2. In
the figure, the “channel” includes all analog transmission filtering.
For generality, the DFE forward filter is assumed to be (possibly)
fractionally spaced with a temporal tap spacing KT /m where T is
the symbol period and k and m are coprime integers with k¥ < m,
except in the case of a synchronous equalizer where k = m = 1.
The EC and the DFE feedback filter are assumed to have a tap spac-
ing T. h denotes the vector of channel impulse response sampled
at rate m/T, and © the corresponding folded frequency response.

A skeleton DSL transmission system.

The NEXT and the echo are also assumed to be sampled at rate
Tim. h,, h,, hy, and h; denote, respectively, the impulse response
vectors of the echo path, the echo canceler, the DFE forward filter,
and the DFE feedback filter; while E, G, F, and B their frequency
responses. Note that the tap spacing is 7/m in h,, k /mT in hy, and
T in h, and hy. )

,Assume that the slicer in the DFE makes no decision error. As-
sume also that the cursor delay is ¢ symbol periods. Then the trans-
riission path is mathematically equivalent to the one shown in Fig. 5.
(Fig. S can.also be viewed as a system model during equalizer train-
ing.) Assume further that the transmitted signal, the NEXT, and the
echo are uncorrelated with one another. Then, by examining Fig. 5,
we can write down an expression for the mean-squared decision-point
error. For this we first note that the combined impulse response of the
channel and the DFE forward filter is, after T-spaced sampling, given
by M'HKhy; where H is a lower-triangular Toeplitz matrix having
h as its first column (padded with trailing zeros as needed), K is an
Ljcolumn matrix composed of the ik +1st ( =0, 1,2,---,Ls —1)
columns of identity matrix, and M a matrix composed of the im +1st
(i =0,1,2,.-) columns of the identity matrix. The matrix X ac-
counts for the k:1 ratio between the forward filter tap spacing and the
channel sampling period, and the matrix M the m:1 ratio between
the symbol period and the channel sampling period. Similarly, the
combined impulse response of the echo path and the DFE forward
filter is M'H.Kh; where H, is a lower-triangular Toeplitz matrix
having A, as its first column (padded with trailing zeros as needed).
The mean-squared decision-point error is thus given by

E{e,?,. lhs, by, g}
=E{{((M'HKh; — Pyhy —e.) a
+M'H Khy — Pghy)'bir +h,K'xr P}
= (M'HKh; — Pyhy —e.YR,(M'HKh; — Pyhy —e.)
+(M'H.Kh; —P,h,)Ry(M'H . Kh; — P,h,)

+h’,K’Rth,; @
where E denotes the expectation operation; / denotes matrix trans-
pose; x;r, a;r, and b;r are, respectively, vectors of noise samples and
far-end and near-end signal symbols, arranged in reverse time order
and led with x;r, a;r, and b;r, respectively; R,, R,, and R, are the
corresponding autocorrelation matrices; e, is the ¢ + 1st column of
the identity matrix; P is a matrix composed of the ¢ +2nd through
the ¢ + Ly + 1st columns of the identity matrix (which accounts for
the (¢ + 1)-symbol delay associated with the DFE feedback filter);
and P, is a matrix composed of the first L, columns of the identity
matrix (to account for the length of the EC). Some of the vectors
and matrices in (1) can be of infinite dimension.

The mean-squared error can also be expressed in terms of
frequency-domain quantities, but the potential cyclostationarity of
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where w; = w + 27i /T and S,(w) is the NEXT power spectrum.
This expression can be derived from (1) and Fig. 5 by Parseval’s
relation and the sampling theory [6]. We choose to work with the
time-domain formulation because it is more convenient.

To minimize E{e%|hys, hy, hy}, note that (1) can be rewritten
simply as

E{el|hy, ho, by} = 4/Ry —2p'n+ 0] (a)

where

ol =€ R,e, (3b)

Setting to zero the gradient of (3a) with respect to 5, we obtain the
MMSE filters as

7=R"'p. @)

The MMSE is then

ol = min E{c|hs, hy, by} =0l —p'R™'p. (5)
hy hy. by

By the quadratic nature of E{e% } as a function of 4, o2 is a monotone

nonincreasing function of the lengths of the EC and the DFE.

For numerical computation, it can be more manageable to have
the above solution given in terms of the original parameters of (1).
This can be done with fairly straightforward algebraic manipulations,
which we outline in the Appendix. The result is as follows:

02 =02 — &.R,Py(P,R,Py)"'PyRe. — p\R ' p),

€

(6a)

where

R, =K'R.K + K'H'M[R, — R,Py(P}R,Py) 'P,R,IM'HK
+K'H]M[R, — R,Po(P,R,P,)"'P,R,IM'H.K (6b)

and

o, =K'H'MIR, — R,Py(P,R,Py) ' PLR,]e.. (6¢)
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Fig. 6. A mathematically equivalent transmission path corresponding to the
separately adapted transceiver structure.

Also, the optimal EC and DFE coefficients are given by

hy =R["p,, (7a)
hy = (PyR,Py)'PyR,(M'HKh, —e.), (7o)

and
hg = (PjRyPg) 'P,R,M'H.Kh;. (Tc)

These equations may appear formidable at the first sight. A closer
look reveals that there are several recurring quantities, namely,
M'HK, M'H K, R,Py(P}R,P,)"'P,R, ot (P,R,P;)"'P}R,,
and RyPy(PyRyPg)~'P;Ry or (P}RyPg)~'P,R,. The first and
the second quantities denote the filtering functions of the channel
and the echo path, respectively, as affected by the fractionally spaced
sampling; and the third and the fourth reflect the effects of the DFE
feedback filter and the echo canceller, respectively. Note that M’HK
and M'H K are both block Toeplitz matrices with (k x m)-sized
blocks. The underlying structure in (6) and (7) may be easier to
perceive by considering the case of binary symbol sequences, which
we do in Section III.A.

B. The Separately Adapted Structure

Consider now the transceiver structure of Fig. 3. The correspond-
ing “mathematically equivalent transmission path” is depicted in Fig.
6. Note the difference in the relative position between the EC and
the DFE forward filter as compared to Fig. 5. Unlike in the jointly
adapted structure, the EC is now assumed to have a fractional tap
spacing 7/m. While the transceiver structure is different, we shall
be using substantially the same notations as for the previous one.
This is for ease of cross reference as well as to reduce the notational
burden. It should cause no confusion.

Let us first study the minimization of the mean-squared decision-
point error e by optimizing the DFE coefficients, assuming that the
EC coefficients have been set. This mean-squared error is given by

E{erlhs, by} = E{{(M'HKh; — Pyhy —e.) air
+h;K'(H, — Hg)'Mbir + H;K'x;r )’}
=(M'HKh; — Pyhy, —e.)R,(M'HKh;
—Pyhy —€.) +h;K'(H, — H) MR, M’
“(H. —Hy)Khy + W,KR.K'h, ®)
where H,, is a lower triangular Toeplitz matrix having P,h, as its
first column. Minimizing, we obtain the MMSE as

o =02 —€&.R,Py(P,R,P;) 'PyR,e. — 4R, 'p,, (93)

where
R, =K'R.K + K'H'MIR, — R,Py(P,R,Py) ' P,R,JM'HK

+K'(H, — H,) MR,M'(H, - H)K  (9b)

and
p, =K'H'MIR; — RiPy(PyR,Ps) "' P}R,Je.. (%)
The optimal DFE is given by
hy =R;'p, (10a)
and
hy = (P,R,Py)'PLR,(M'HKh; —e.). (10b)

Comparing (9) and (10) to (6) and (7), we see that the forms of the
solutions are the same except for the effect of the echo canceller as
manifested in the third terms of the expressions for R; and R;.

Now we turn to the minimization of the EC output error . Note
from Fig. 6 that this error contains three components, namely, the
filtered far-end signal, the NEXT, and the residual echo, of which
the first two are uncorrelated with the echo and are not affected by
the EC. Thus the minimization of & can be carried out by minimizing
the residual echo alone. Now this residual echo sequence is not sta-
tionary, but cyclostationary with a period m due to the T/m sample
spacing. A way to handle this is to minimize the sum of mean-squared
errors of all the m phases of the error sequence. For this let M; be
the matrix obtained by prepending M with j rows of zeros. Then
M extracts the jth phase from an impulse response. For example,
Mk, gives the jth phase of the echo path response. Thus, we have
the sum of mean-squared errors as

m—1 m—1
E { D St Ihg} =E { > i — Py M; b
j=0
(11)

i=0
The MMSE EC can be solved by setting the derivative of (11) with
respect to h, to zero. It turns out that the solution is equivalent to
that obtained by minimizing the mean-squared error for each of the
m phases separately. Let L; be the number of taps for the jth phase
of the echo canceller. Then the optimal tap coefficients for this phase
are given by

h; = PiM!Ph, = (P,R,P;)"'P|R,M'h,, (12)
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where P; is a matrix composed of the first L; columns of the identity
matrix.

III. ArpLicaTioN oF MMSE SoLuTioNs To VARIOUs LINE
CobEes

We consider four types of line codes, namely, binary-detected
codes, precoded ternary partial-response codes, block codes yielding
uncorrelated symbol sequences, and general block codes (of which
partial-response codes can be viewed as special cases) which yield
correlated symbol sequences. Examples of the first type of codes
are the (N)RZ ([non-]return-to-zero — coding 1 as +1 and 0 as —1;
waveform returns or does not return to zero depending on the duty
cycle) [8] and the nonprecoded partial-response codes [9]; that of
the second type are the precoded dicode and the precoded MDB
(modified duobinary) [9]; that of the third are the 3B2T (3 binary-to-
2 fernary, excluding 00) and the 2B1Q (2 binary-to-1 quarternary);
and that of the fourth, the MS43 [10], [13], the MMS43 [11], and the
DI43 [12]. All these codes have been considered for Basic Access
ISDN DSL use. For the first type of codes, the “‘nonlinear opera-
tion” in a line coder (as shown in Fig. 1) is just a straight-through
connection. For (N)RZ, the “partial-response filter” therein is also a
straight-through connection. For the second type of codes, the nonlin-
ear operation does the precoding and the partial-response filter does
what the name implies. For the third and the fourth types of codes,
the nonlinear operation does all the coding and the partial-response
filter is a straight-through connection.

Again refer to Fig. 1. Taking the right-hand side as the near end,
we have marked three points in the figure as A, 4, and B, re-
spectively. For all four types of codes, B corresponds to the point of
near-end signal in Figs. 5 or 6 where the signal has a power spectrum
S, For the second type of codes, A, corresponds to the point of far-
end signal in Figs. 5 or 6 where the signal has a power spectrum
S,; and for the others, 4,. To further explain the correspondence
between Fig. 1 and the mathematically equivalent transmission paths,
consider the block labeled *channel” in Figs. S or 6. In terms of
Fig. 1 components, the “channel” consists of, for the second type
of codes, the far-end transmit filter, the far-end hybrid coupling, the
line, the near-end hybrid coupling, and the near-end receive filter;
and for the others, adding the far-end partial-response filter.

Let us make some comments on the self-NEXT noise. It under-
goes a similar transmission mechanism as the far-end signal and
the echo, in the sense that the source signals also pass through the
same line coding, the same transmit filtering (both in the disturbing
systems), and the same receive filtering (in the disturbed system).
The only difference is that they are coupled into the disturbed sys-
tem via crosstalk paths, which have different characteristics from
the transmission and the echo paths. For nonsynchronized transmis-
sion systems, the crosstalk terms add noncoherently to form the total
crosstalk noise. A common model for the power transfer function
of NEXT coupling is K f 3/ where f denotes frequency and K is a
parameter depending on the crosstalk strength [14]. A more exact
characterization for some cases is given in [15]. If approximated
by Kf3/?, the one-crosstalker curve therein corresponds roughly to
K =107 and the 49-crosstalker curve K = 10~'*, when fis given
in Hertz.

A. Binary-Detected Codes and Block Codes Yielding
Uncorrelated Symbol Sequences

For these line codes, R, = R, = o2l. Computation of the
MMSE solutions is relatively simple because P,R,P5, PéRng,
and P;RbP ; are all diagonal matrices. Further, since P{,R,,ec =0,
we have p, = p; = 02K'H’Me., which is a vector of kKT /m-spaced
channel impulse response samples arranged in reverse time order
and led by the cm + lst element of h, the vector of T/m-spaced
channel impulse response samples. In addition, the MMSE is given
by 02 = g2(1 — C) where C = e,M'HKh,, for both transceiver
structures.

For EC and DFE coefficients, consider first the jointly adapted
structure. For the DFE feedback filter, we have h, = P,M'HKhy,
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i.e., we have come to the well-known result that the DFE feedback
filter cancels out exactly the L, taps of the forward-filtered (by ky)
channel impulse response following the cursor. For the echo canceler,
we have h, = P;M’H‘.K hy, i.e., the EC cancels out exactly the
first L, samples of the forward-filtered echo path impulse response.

For the separately adapted structure, the DFE feedback filter again
cancels out exactly the L, taps of the filtered channel impulse re-
sponse following the cursor. As to the echo canceller, we see from
(12) that it cancels out exactly the first L, samples of the original
echo path impulse response.

B. Precoded Ternary Partial-Response Codes

For this type of codes we have R, = I, because precoding is but
an operation of cumulative modulo-2 summation which only makes
a random input whiter and does not alter the spectral properties of
an already white input [19], [20]. The code autocorrelation matrix
R, is nondiagonal but simple in structure.

Since R, = I, the MMSE echo cancellers have the same properties
as those for binary-detected codes. For o2, and the DFE, consider
first the duobinary code which is characterized by a partial-response
filter with coefficients (1, 1). R, in this case is a tridiagonal Toeplitz
matrix whose diagonal elements are all equal to 2 and whose first
super- and first-subdiagonal elements are all equal to 1. For the
computation of the MMSE solutions, we shall only comment on the
structure of the quantities PjR.e. and (PyR,Pp)~". It is not hard
to see that

P;R,,ec =€

where ¢, denotes the first column of the identity matrix. The inverse
of PyR,P;, can be obtained via triangularization as

(P)R,Py)"' =D\D}---D}, \EDy, - -D,Dy =D'ED

where ¥ = diag(1/2, 2/3,3/4,---,Ly/[L, + 1]) and D; are ele-
mentary matrices having unity diagonals and a value —i /(i + 1) for
the (i + 1),ith element. D is thus a lower triangular matrix with its
ijth (i > j) element equal to (1)~ /i, and (P,R,Py)”" a sym-
metric matrix with its ijth (i > j) element equal to (=1 ~/(Ls —
i 4+ 1)j/(Lp + 1). This last observation readily enables us to unfold
the structure of the quantity R,Py(P,R,Py)"'P,R,, which is not
complicated but is somewhat cumbersome to describe—and is thus
omitted here.

The above can be easily extended to interleaved duobinary
codes, i.e., codes characterized by partial-response filters (1,0, 1),
(1,0,0, 1), etc. For these codes, we have a code autorrelation matrix
equal to [, ®R§’ where n denotes the number of zero coefficients
in the partial-response filter associated with the interleaved code,
I, is the (n+1) x (n+1) identity matrix, ® denotes matrix direct
product [21] (to be further explained by an example below), and RY
is the original duobinary autocorrelation matrix described before. As
a result, we obtain

P,R,e. = e,

where e, is the n + Ist column in the identity matrix; and
(PyRaPy) ™" =D, TinDin)

where

Dy ~I1,-,®D and Xu ~1,-, ®%.

In the last few expressions, the subscript “(n)” signifies that the
subscripted quantity is associated with an interleaved code having n
zero coefficients in the partial-response filter, and the sign ~ means
that its Ihs has the form described by its rhs. An example should help
in clarifying the points. Consider the partial-response filter (1,0, 1),
for which n = 1. Consider the case where L, = 4, which is an
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integral multiple of n + 1. Then we have

2010
, 2 01 21
PLR,Py = =5® )
1020 1 2
010 2
1 0 00
0 1 00 1 0
D([) = _1 0 1 0 :12 ® 1 ’ (14)
2 —i 1
1
0 -3 ‘0 1
and
2 2

. 11 o 12

¥y = diag (5, 33 3) =1, @ diag (5, §> .15
Now consider L, = 3, which is not an integral multiple of n + 1. It
is not hard to see that the corresponding PR, P, can be obtained
from (13) by deleting the first row and the first column. The cor-
responding D;, and Yy, can be similarly obtained from (14) and
(15), respectively. In general, the L,-dimensional D, (and simi-
larly for PR, P, and %) can be constructed by first forming the
[Ls /(n + 1)]-dimensional D corresponding to the duobinary code,
taking its direct product with 7, and then chopping off the first
few rows and columns, if needed.

Now consider the bipolar code whose associated partial-response
filter has coefficients (1, —1). The code autocorrelation matrix is, as
in the case of the duobinary code, tridiagonal Toeplitz with all the
diagonal elements equal to 2. However, the first super- and first sub-
diagonal elements are now equal to —1. All the properties regarding
the inverse of PR, P}, including those pertaining to the interleaved
codes, are similar to the corresponding ones for the duobinary code,
except that the (i + 1), ith element of D; is now equal to i /(i + 1),
and hence the ijth element of D no longer has the (—1)'—/ factor.
The quantity P} Re. is easily seen to be equal to —e, where 7 is,
again, the number of zero coefficients in the partial-response filter.

C. Block Codes Which Yield Correlated Symbol Sequences

These codes possess nonwhite spectra and nondiagonal autocor-
relation matrices R, and R,. For them a brute-force implementa-
tion of (6) and (7), or (9), (10), and (12), to calculate the MMSE
solution can be very computation-intensive. Happily, there are two
techniques which we can call on to reduce the computation load.
They both capitalize on the (block) Toeplitz structure of many of the
constituent matrices in these equations. One is the Levinson-Trench
algorithm [16]-[18] for efficient inversion of a Toeplitz matrix. A
general method of inverting an N x N matrix, such as Gauss elimina-
tion followed by backward substitution, costs O(N®) multiplications.
The Levinson-Trench algorithm does it in O(N?), which is an order
of magnitude saving. The other technique is the FFT (fast Fourier
transform [6]), useful in dealing with a multiplication with a large
Toeplitz matrix. A multiplication with a large Toeplitz matrix is in
effect a convolution operation, which can be done efficiently by mul-
tiplying the Fourier transforms of the two convolving sequences and
inverse-transforming the result back into the time domain.

As an example, consider the L, x L, matrix R, defined in (6a).
Let us discuss on how the quantities R,, (P,R,Pp)~', R,M'HK
and K’"H'MR,M'HK can be computed. The code autocorrelation
matrix R, can be obtained by inverse Fourier-transforming the code
power spectrum S, which can be calculated using an established
method [13]. The inversion of the L, x L, Toeplitz matrix P, R, P,
can be accomplished by invoking the Levinson-Trench algorithm in
case of a large L,. .

For the two other quantities, we first recall that M’HK is a block
Toeplitz matrix with blocksize m x k. It can be viewed as repre-
senting a k-input m-output linear system. Before characterizing it in
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general, let us consider a simple example. In this example, let k =2
and m = 3, i.e., we consider a 27/3-spaced forward filter. Then
M'HK can be viewed as representing a 2-input 3-output system as
shown in Fig. 7. Note that the two input sequences are, respectively,
the even and the odd subsequences of the original far-end signal se-
quence {a;}. It is not hard to show that the autocorrelation matrix
of the output multichannel sequence is exactly K'H'MR,M'HK,
a block Toeplitz matrix of 3 x 3 blocks. Define ©,/3(w) to be the
3 x 2 transfer function matrix of the 2-input 3-output system. Then
the output has a matrix power spectrum as 6/3(w)S3(w)633(w)
where * denotes complex conjugate transpose and S5(w) is the ma-
trix power spectrum of the 2-channel input process. The matrix
K'H'MR,M'HK can therefore be formed from the inverse Fourier
transform of 6,/3(w)S5 (w)ez*ﬂ(w) where 6,/3(w) can be calculated
from the frequency response or the sampled impulse response of
the channel, and S%(w) from the power spectrum or the autocorrela-
tion sequence of the far-end signal. In a similar fashion, the quantity
R,M'HK, a Toeplitz matrix of 2 x 3 blocks, can be viewed as
representing the cross-correlation between the 2-channel input and
the 3-channel output, which has an associated matrix transfer func-
tion §5(w)6; ,(w). Generalizing to arbitrary k and m, we obtain a
k-input m-output system as depicted in Fig. 8.

IV. MEASUREMENT OF TRANSMISSION PERFORMANCE

Let the decision thresholds be placed halfway between adjacent
signal levels. The required SNR for detection in signal-independent
additive Gaussian noise can be derived theoretically for the various
line codes mentioned earlier for any target symbol error rate. Table
I lists the results for the symbol error rates 10~¢, 10~7, and 10~%.
Note that a symbol error may correspond to more than one bit error,
in the case of block codes. However, for the block codes listed, the
input-output mappings can be designed such that the average ratio
between the number of erroneous bits and the number of erroneous
symbols is less than two. For the range of error rates considered,
a reduction of their values by a factor of two corresponds to an
increase of the SNR requirement by less than 0.2 dB, and hence can
be considered minor in a crude analysis.

In full-duplex DSL transmission, we see from Figs. 5 and 6 that
the nominal SNR at the decision point after an MMSE echo can-
cellation and equalization is given by ¢2/02. One may be easily
tempted to tie this ratio hastily with the transmission error rate in
the sense described in Table I. However, this is pertinent only when
€ is Gaussian and independent of the signal.

Regarding the Gaussianness of ¢, we note that it is natural to as-
sume so in the absence of better and easily manageable noise models.
In fact, after adequate echo cancellation and equalization, the resid-
ual echo and the residual ISI components of ¢ would both be a sum
of many terms due, respectively, to the residual echo path and to
the residual channel dispersion. Thus it should seem plausible that
the residual echo and the residual ISI exhibit some kind of central
limit behavior to justify this assumption. One may well add a cer-
tain amount of headroom to the SNR requirement listed in Table I
to account for the potential non-Gaussianness of ¢. However, this
may be unnecessary as non-Gaussian noise can be more favorable
than Gaussian (M. L. Honig and J. M. Cioffi, private communica-
tion). Note also that a common way of handling ISI (or any other
noise) when it is non-Gaussian is to consider it as degrading the sig-
nal instead of adding to the noise. The worst degraded signal traces
form an eye [7]. The eye can be computed mathematically or ob-
served on an oscilloscope for a physical transmission system. With
the Gaussianness assumption, such handling is not needed.

To see whether e is independent of the signal, we have to examine
two kinds of possible dependence. First, its conditional mean may
be nonzero for some, and different for different, signal levels. (The
nonzero conditional mean is a manifestation of the biased nature of
linear MMSE estimates when the estimator input contains noise.)
Second, its conditional variance may be different for different signal
levels. To proceed, we note that 62 can be decomposed as

02 = E{Elérlag—or = al}
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Fig. 8. Interpretation of M'HK as representing a k-input m-output linear
system for arbitrary k and m.

where the inner expectation is conditioned on @;_.r = « and the
outer expectation averages over all possible values of «. Now the
inner expectation can be decomposed as

Eley|ai—_or = al = [p@F + E{ler — p@Plag—or = a}
where p(a) = E{er|ag_or = a}, i.e., p(a) is the conditional bias
in the estimated signal level. Hence, at the decision point, the true
signal power is given by E{[a + p(a)]? } instead of o7, and the true

noise power by 02 —E {[(«)]? } instead of o2. To carry the derivation
further, note that

ula) = E{(M'HKhy — Pphy — €)' air|ai—oyr = o}
= (M'HKh; — Pyhy)' E{air|ag_or =a} —a. (16)

For codes whose successive symbols are conditionally uncorrelated
for each signal level, we have E{airiai_or = o} = ae.. Ex-
amples of such codes are the (N)RZ and the nonprecoded partial-
response codes, the 3B2T, and the 2B1Q. For ternary codes whose
statistics are symmetric about zero, we have E{a;r|a;—or = a} =
aRe. /a?,. Examples of such codes are the precoded dicode, the
precoded MDB, the MS43, the MMS43, and the DI43. Substituting
these into (16), we get the interesting result that, for all the codes
considered,

o
w@) = —o'n —a=—ad’/d],
a
for the jointly adapted structure; where we have used (3¢), (3d), (4),
and (5). For the separately adapted structure, the final expression for
u(e) is the same. Consequently, for both transceiver structures, the
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ho,0=lng.Ng.Ny2 oI
a h =[n_5,hg,hqg T
2T ho,1=i_p.hghqg ]
h =(h4,h7,hq13,..]
ApiTeT hq,1=q.hz.h13.]
hy 2=h.1.hs by T
TABLE I
SympoL ErRrOR RATE VERsus REQUIRED SNR (N dB) FOR
SoME LiINE CopEs IN TRANsMIsSION OVER A GAUSSIAN
Noise CHANNEL
Line Code — Binary-detected
Codes [(N)RZ and Precoded Dicode, | MS43,
Nonprecoded Partial- | Precoded MDB | D143 MMs43 [ 3B2T | 2B1Q
| Error Rate Response Codes]
10 ° 13.5 16.8 7.9 179 185 | 208
[ 143 17.6 186 18.6 192 | 215
1072 150 182 19.3 19.2 199 | 222
true SNR is given by
A
SNR =5 —1, (17)
06

which does not differ significantly from the nominal ¢2 /02 when we
consider the 13.5 dB-and-up requirement listed in Table I. This shows
that a signal-dependent mean of the error e causes little concern.

On the other hand, a signal-dependent error variance can have
more complicated implications. Their analysis also requires the de-
velopment of more mathematical tools, especially in the case of block
codes. Therefore, we elect to ignore them in this first study. Note
that the binary-detected ([V]RZ and non-precoded partial-response)
and the 2B1Q codes do not suffer from such a complication because
the corresponding error variances are independent of signal levels
due to the i.i.d. nature of the symbol sequences to be detected.

V. AN ILL-BEHAVIOR OF THE SEPARATELY ADAPTED
TRANSCEIVER STRUCTURE

To illustrate the ill-behavior that a longer EC can result in a worse
MMSE or SNR for the separately-adapted transceiver structure, con-
sider a simple example where R, = R, = 1. Let k = m = 1. Let
there be no NEXT disturbance, i.e., R, = 0. Let the channel impulse
response be 1, 1, 0,0, 0, - - -, and the echo path impulse response be
0.5,1,0,0,---. Let the equalizer have a two-tap forward filter (i.e.,
L, = 2) and no feedback filter (i.e., Ly = 0). And set the cursor

_delay c to 0. Then we have p} = [1 0]. If there is no echo canceller,
we also get

7 2 1 125 05
R, =H'H+H. —H,)'H. —H,) =
2 05 125
and if there is a one-tap echo canceller,
2 1 10
R, =
1 2 01

Thus for no echo canceller, we obtain 62 = 1 —p5R;'p, = 0.609;
while for a one-tap echo canceller, a worse MMSE as aZ =0.625.

As can be seen, this peculiar behavior of the separately adapted
transceiver structure arises because the EC coefficients affect the
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correlation structure of the noise samples which the DFE downstream
has to deal with. As a result, a longer EC, though reducing the
power of the noise at its output, may alter the correlation structure
of the noise to the disadvantage of the DFE. The jointly adapted
structure does not suffer from this peculiarity because, as we have
seen in Section II-A, there the mean-squared error is a quadratic
function of the EC and the DFE coefficients and hence the MMSE
is monotone nonincreasing with the lengths of the EC and the DFE.
(The mean-squared decision-point error in the separately adapted
structure is a quadratic function of the DFE coefficients but not of
the EC coefficients.)

Some may suspect that, for “real” (in the sense described in this
paper) DSL channels, the above ill-behavior of the separately adapted
structure would show up only for very short echo cancellers. How-
ever, in our study, we have observed it for echo cancellers covering
several tens of symbol periods.

The above example can also be used to demonstrate that, with
the same EC and DFE lengths, the jointly adapted structure is not
necessarily superior to the separately adapted in terms of the MMSE.
For this, let the echo canceller have two taps. Then the separately
adapted transceiver can fully cancel the echo, yielding an MMSE
o2 = 0.333; whereas the jointly adapted transceiver can only cancel
the echo partially and results in 0? = 0.4.

VI. ConcLusioN

We have presented a theory for the study of the optimal perfor-
mance, in MMSE sense, of full-duplex DSL transceivers incorporat-
ing echo cancellers and decision-feedback equalizers. Two
transceiver structures were considered, one with jointly adapted echo
canceler and decision-feedback equalizer, and the other separately
adapted. This theory augments previously published results by allow-
ing a colored input signal and a fractionally spaced multitap MMSE
DFE forward filter. We also discussed on how the MMSE is related
to the ubiquitous SNR measure and the concerns associated with us-
ing it to gauge the DSL performance. For the separately adapted
structure, we demonstrated an ill-behavior that a longer echo can-
celler can result in a worse MMSE or SNR.

Computational considerations of the theoretical results were also
addressed. Specifically, we investigated the properties of and efficient
ways of calculating the MMSE solutions for various types of line
codes, including precoded partial-response codes and general block
codes. A companion paper [22] reports some simulation results. A
related paper [23] will deal with the important limiting situation of
infinitely long DFE’s by extending the results derived herein.

APPENDIX

We outline a procedure to derive expressions for the MMSE ¢? and
the MMSE filters Ay, h;, and h,, for the jointly adapted transceiver
structure, in terms of the original parameters of (1) from (4) and (5).

Note first that the matrix R is block-diagonalizable by

I 00
—RL'R, T 0
~R;'Rj; 0 I

in the sense that D = L'RL = diag (R|, Ry, R33) where R, is as

given in (6b) and R);, R;3, R;2, and R;; are as defined in (3g) and
(3h). Thus,

L=

#=R'p=L(L'RL)"'L'p=LD"'L'p (Al)
and
af =¢2-p'R7'p= o2 —p'LD'L'p. (A2)
From (3d), we have
'L =1[p|: — e R,Py:0] (A3)

where p; is as given in (6c). The desired expressions for o2 and the
MMSE filters can then be obtained from (A2) and (A1) with the aid
of (A3).
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